ABSTRACT When a supercavitating vehicle navigates underwater at a high speed, most of the surface is wrapped by cavity. With the influences of the system parameters and launching state, the nonlinear oscillation of the vehicle always occurs because of the collision between tail and cavity. To solve the problem, a fin deflection control method is proposed based on a 4-D dynamic model of the supercavitating vehicle. The nonlinear dynamic characteristics of the supercavitating vehicle are researched by using dynamic map. And some conventional approaches of dynamics analysis are used to further study the vibration characteristics of supercavitating vehicles with variable control parameters of fin deflection angle and initial conditions. The results indicate that the supercavitating vehicle model differs from a common dynamics system because, apart from control parameters, its vibration characteristics are also associated with initial conditions of the system, which induce some novel nonlinear phenomena, such as transient oscillation and vibration state transition. The control parameters can be set according to the dynamic map, and the fin deflection control method can effectively suppress the nonlinear vibration of the vehicle. The research results have theoretical guidance and engineering significance for the stability control of supercavitating vehicles.
I. INTRODUCTION
When high-speed relative motion occurs between the underwater vehicle and the surrounding water, rapid decline in static pressure induces cavity around vehicle's surface so that supercavitation quickly develops to cover most of, and even all of the surface of vehicle. Therefore the vehicle surface wetting area will be reduced leading to a drastic decrease of friction drag, and thereby greatly enhancing vehicle's speed [1] - [3] . However, because of the high speed of the supercavitating vehicle, most of buoyancy support is no longer available since the vehicle is almost entirely encompassed by the cavity. Moreover, the collision between the vehicle's tail and the cavity will produce intense nonlinear fluid dynamics. Both of these effects can bring about great difficulties in maintaining stable motion of supercavitating vehicles [4] - [6] .
When the parameters of a nonlinear dynamical system change within a certain range, there will be physical phenomena such as chaos and bifurcation. A great deal of research achievements have been made in many aspects, such as dynamic modeling of nonlinear systems, revealing of nonlinear physical phenomena, stabilization control of nonlinear vibration and so on [7] - [11] . At present, the research on nonlinear dynamic control of supercavitating vehicle is mainly through the design of controller to control the motion attitude of supercavitating vehicle and reduce the impact caused by the collision between the tail and the cavity wall [12] - [16] .
Based on the fluid dynamics of supercavitating vehicle, Dzielski and Kurdila [12] established a four-dimensional nonlinear dynamic model, and the controller was designed using precise linear method. Lin et al. [13] , [14] used washout filter to bifurcation control the supercavitating vehicle based on the model proposed by Dzielski. Wei et al. [15] and Wang et al. [16] designed a nonlinear switching control strategy to supercavitating vehicle. In engineering applications, vibration characteristics of vehicle induced by varying control parameters and initial conditions of launching are important theoretical foundation for the stable control of supercavitating vehicles. Bai et al. [17] , [18] used bifurcation method to analyze the motion states of supercavitating vehicle with the fin deflection angle varying. Xiong and Bao [19] discussed the complicated nonlinear dynamic behaviors of supercavitating system induced by variable deflection angles of cavitator. Nguyen and Balachandran [20] analyzed the nonlinear dynamic behaviors of the nonsymmetric supercavity and the influence of the cavitator and the fin feedback control law on the stability of the vehicle based on the model proposed by Dzielski. More generally, literatures studying the influence of variation in fin deflection angle and initial conditions of launching on vibration characteristics of vehicle are rare.
In this paper, a four dimensional dynamic model of a supercavitating vehicle is established by analyzing the hydrodynamic forces of various parts of the supercavitating vehicle. On the basis of classical cavitation control, a fin control strategy is proposed and applied to the supercavitating vehicle model. The control law of the fin deflection angle of the vehicle can effectively suppress the nonlinear vibration and shock by restraining the collision between the tail and the cavity wall of the body, and improve the motion stability. Based on this, the dynamics map of the system is determined by two-dimensional bifurcation analysis, and the complex nonlinear phenomena caused by the vibration of vehicle are researched by phase track, Lyapunov exponent spectrum and numerical simulation. Then the effects of control parameters of fin deflection angle and initial conditions on vibration characteristics of supercavitating vehicle are investigated. The stability of supercavitating vehicle system is discussed by using two-dimensional dynamic map, which provides theoretical basis for the design of transient oscillation controller of supercavitating vehicle.
II. DYNAMIC MODELING OF SUPERCAVITATING VEHICLE A. FLOW DYNAMICS CALCULATION
The external conditions of flow field and underwater vehicle geometrical shape may induce differences in cavity state. Cavitation number σ defined by σ = 2(p ∞ -p c )/ρV 2 is used to characterize similar cavitation state, where P ∞ is pressure at infinity, P c is internal pressure of cavity, ρ is fluid density, V is resultant velocity of vehicle nose cavitator on a vertical plane [21] .
The primary reference for the supercavitating vehicle model in this paper is [12] . Figure 1 shows structure and contour dimension of a supercavitating vehicle. A disk cavitator is located at the nose of the vehicle.the fore-end is a frustum, the middle has cylindrical shape, and the tail section is featured with expanded apron-type fin.
FIGURE 1. The structure of supercavitating vehicle
The supercavitation model is a simplified four-dimensional dynamic model which only considers the effect of the angle of attack on the planing force and describes the motion characteristics of the supercavitation vehicle in the longitudinal plane. As shown in Figure 1 , when a supercavitating body is underwater, the longitudinal motion surface is mainly subjected to four forces, namely, the lift F cavitator acting on the head of the vehicle, the gravity F gravity acting on the center of the body, the lift F fins acting on the tail of the vehicle, and the planing force F planing caused by the collision between the vehicle and the cavity.
Cavitator not only creates and sustains supercavitation but also controls the hydrodynamic forces around the nose as control surface. The lift component of the hydrodynamic force on cavitator is [12] 
where R n is cavitator radius, α c = w/V +δ c , δ c is cavitator's deflection angle, and drag coefficient is C x = C x0 (1 + σ ), being C x0 = 0.82.
The fin also needs control moment provided by certain hydrodynamic forces, and the hydrodynamic force on the fin is [12] 
where n denotes the effectiveness of the fin, α f = (w + qL)/V + δ e , and δ e is deflection angle of the fin.
when vehicle travels with supercavity encapsulation, due to change in the relative position of vehicle against cavity, the contact between the tail and the cavity wall induces complicated nonlinear planing force that generates vibration and shock on the body. The planing force is expressed as [12] 
where R = (R c − R)/R, R c is the cavity radius and R is the super cavitating body radius. L is the vehicle length. When part of the tail is immersed in water the immersion depth h is given by
The angle-of-attack α when the tail of supercavitating vehicle is immersed in water is given by
whereR c andṘ c denote the cavity radius and the contraction rate at the tail of vehicle, respectively. Detailed formula can be found in [12] .
B. NONLINEAR DYNAMIC MODELING
The origin of the coordinate system of supercavitating vehicle is located at the nose of the vehicle and is defined to be at the center of the disk cavitator. The inertial frame is earth coordinate system. X-axis coincides with the vehicle axis of symmetry and it is assumed to point forward, Z-axis is vertical to the X-axis and points downward. w is transverse speed along Z-axis; V is total velocity of the vehicle nose cavitator on vertical plane in parallel with vehicle axis; z is depth of the vehicle; θ is pitch angle; q is pitch rate. The four state variables z, w, θ , and q are used to describe the dynamics of supercavitating vehicle. According to the hydrodynamic forces applied on the vehicle, the derived dynamic model of supercavitating vehicle is [12]    7 9 17L 36 17L 36
In Equation (6), m is ratio of model average density to water density (ρ m /ρ). C is constant and its expression is C = 1/2C x (R n /R) 2 . Simplified force and moment due to gravity F gravity are
Owing to gravity, under no-control the planing of supercavitating vehicle in cavity is unstable. Feedback control ensures stable motion and control inputs include deflection angle of fin δ e and that of cavitator δ c [12] .
III. ANALYSIS OF NONLINEAR DYNAMIC CHARACTERISTICS OF SUPERCAVITATING VEHICLE
In accordance with [12] , the system parameters of supercavitating vehicle are as follows: g = 9.81 m/s 2 δ c = −15z + 30θ + 0.3q. However, fin deflection angle δ e is zero, thus the vehicle often lacks supporting force provided by the tail to balance gravity, and thereby vehicle turns unstable. Therefore, this work proposes a new tail control strategy to suppress the nonlinear vibration of the vehicle and ensure the stable navigation of the vehicle, and focuses on the theoretical analysis of the vibration state of the vehicle with different parameters. The control law of cavitator deflection angle δ c = −15z+30θ +0.3q is kept constant, and the control law of fin deflection angle is designed. Given δ e = kq, k is the feedback control parameter for vehicle pitch rate. When the VOLUME 6, 2018 control parameter varies, the dynamic motion of system (6) behaves differently.
To prove the dependency of system's dynamic behavior on control parameters, based on the four-dimensional dynamic model (6) of supercavitating vehicle, two-dimensional bifurcation analysis method is used to study the stability of the supercavitating vehicle system. The stable solution, the periodic solution, and the chaotic solution defined by Lyapunov stability theory are shown in Figure 2 using different colors. The figure shows the stability of the supercavitating dynamics model with the change of control parameter σ and k. The red zone (R) denotes stable equilibrium points, the green zone (G) denotes periodic state, the yellow zone (Y) denotes chaotic state, and the blue zone (B) denotes system divergence. At any point in R-zone system parameters lead to stable movement of vehicle. At any point in G-zone, the vehicle is subject to periodic oscillation and its movement is unstable; at Y-zone, the corresponding values of the parameters cause the vehicle vibrate intensely and further result in vehicle capsizing.
Moreover, the shift of the system from stable state to periodic state leads to Hopf bifurcation, and thus the boundary between the R-zone and the G-zone is the critical switching line between stable and periodic states (i.e. the Hopf bifurcation boundary). The boundary between the green zone and the yellow zone represents switching between periodic state and chaotic state, and nonlinear phenomena such as tangent bifurcation,periodic doubling bifurcation and so on occur at the boundary.
Through the dynamic map, the parameter range of the vehicle stable movement could be determined. When the cavitator number σ was constant, the stable movement of the supercavitating vehicle could be effectively achieved by adjusting the feedback control gain value of the deflection angle of fin k in the corresponding range, for the vehicle stable control to be guided.
In Figure 2 , select a point σ = 0.02099, k = 0.53 in red stable zone. Transverse speed w and pitch angle θ of the vehicle are attracted to the equilibrium point under the feedback control law, showing that the vehicle is in stable state. Figure 3 (a) shows vehicle's phase trajectory in green periodic oscillation zone at given point σ = 0.03527, k = 6.14. System mapping forms a closed limit cycle that indicates periodic oscillation of the vehicle. Figure 3(b) shows the phase portrait in yellow chaotic zone at given point σ = 0.03272, k = 0.02. The existence of chaotic attractor indicates that vehicle's motion incorporates complicated nonlinear dynamic characteristics.
In Figure 2 , green periodic oscillation zone is the prevailing motion state, and its corresponding limit cycle is the prevailing dynamic behavior. When k [0, 5], stable motion of the system can be achieved in almost the whole range of cavitation number. when k is greater than 35, the blue zone indicates overall divergence of the system. When k [5, 25] , the red stable equilibrium points are checkered distributed in the green periodic zone. Therefore, slight change in cavitation number causes the shift between stable and periodic or between periodic and chaotic motion states. In this region assigned parameters are σ = 0.03051, k = 23.48. Figure 4(a) shows the planar projection of equilibrium point attractor on q-w plane when initial value is α 1 (-1.0891, 0.03256, 0.5525, 1.1006). The simulation results demonstrate that the vertical velocity w and pitch rate q of the vehicle are attracted to the equilibrium point under the feedback control law, and the vehicle is in a stable state. The phase trajectory of this vehicle is a stable equilibrium point. For initial value of α 2 (-1.2141, -1.1135, -0.0068, 1.5326), Figure 4 (b) shows that the blue limit cycle denotes the periodic attractor, which gradually converges to red equilibrium point in a short period.
Given σ = 0.03255, k = 0, when initial value is β 1 (1.4367, -1.9609, -0.1977, -1.2078), the planar projection of phase trajectory on q-w plane is shown in Figure 5 (a), forming a periodic attractor. When initial value is β 2 (0.1352, 0.5152, 0.2614, -0.9415), the planar projection on q-w plane is shown in Figure 5(b) , the blue chaotic attractor gradually converges to the red limit cycle periodic attractor.
The aforementioned analyses highlight that by using the two-dimensional bifurcation dynamics map in Figure 2 , the ranges of system parameter values ensuring stable motion VOLUME 6, 2018 of the vehicle can be determined. At a given cavitation number σ , by adjusting the value of deflection control parameter k of the fin in the corresponding range, stable movement of super-cavitating vehicle can be achieved, which provides guiding significance to stability control of vehicle.
IV. ANALYSIS OF THE NONLINEAR VIBRATION CHARACTERISTICS OF THE SUPERCAVITATING VEHICLE
To study the vibration characteristics of the super cavitating vehicle, by substituting the values of parameters corresponding to different zones in Figure 2 into system (6), at giveṅ w =q =θ =ż = 0 equilibrium points and eigenvalues of the system at each point can be obtained. −1104 respectively, and the largest Lyapunov exponent curve remains negative in finite time scale. According to Lyapunov stability theory, the system is stable. By randomly choosing the initial state, when σ = 0.02099 and k = 0.53 Figure 7 shows the simulated results of vibration characteristics of the vehicle. Figure 7(a) shows the immersed depth of vehicle tail, and Figure 7(b) shows the planing force on vehicle's tail. Both immersed depth and planing force are relatively large at initial state and gradually transit to a stable state after short oscillation. Then, the vehicle's tail penetrates cavity wall and contacts water, creating a stable planing force that, combined with the hydrodynamic force produced by deflection of vehicle cavitator, helps the vehicle maintaining balance. Thus, during underwater movement of the vehicle, the four state variables converge to equilibrium point S 1 (0.0825, 3.512, 0.0392, 0) quickly; the position and the attitude of vehicle in cavity are settled and the depth of travelling is constant; the vehicle is then in stable, horizontal and straight movement.
At σ = 0.03527, k = 6.14 in the green zone, system equilibrium point S 2 : (0.0166, 0.4714, 0.0068, 0) is calculated, and the Jacobi matrix at the equilibrium point J S is obtained Figure 2 , it can be inferred that the system passed through Hopf bifurcation boundary and cannot keep balance, therefore the motion of super cavitating vehicle will not be able to stay stable. At σ = 0.03527, k = 6.14 the simulated results of vibration characteristics of the vehicle are shown in Figure 9 and VOLUME 6, 2018 highlight that the extension length of vehicle tail out of cavity oscillates in the interval [0,0.062] m. Within this period, the vehicle tail keeps colliding with cavity wall periodically so that sometimes the tail is located in the cavity without contacting cavity wall and the planing force is zero. Other times the tails penetrate into water and the resultant planing force leads to periodic vibration of the vehicle in cavity. Moreover, vehicle's four state variables periodically vibrate around the equilibrium point S 2 (0.0166, 0.4714, 0.0068, 0) and the vehicle is subject to unstable periodic motion.
At σ = 0.03272, k = 0.02 in the yellow chaotic zone, the system equilibrium point S 3 = (0.0369, 1.0897, 0.0152, 0) is calculated, at which system (6) Correspondingly, the four eigenvalues are λ 1,2 = 392.53± j296.14 and λ 3,4 = −21.83 ± j30.36. Since their real components at the equilibrium point are positive, equilibrium point S 3 is unstable saddle-focus. Figure 10 shows the variation of Lyapunov exponent spectrum with time. Corresponding Lyapunov exponents are L 1 = 11.53, L 2 = −1.09, L 3 = −28.14 and L 4 = −42.03, respectively. The largest Lyapunov exponent curve is positive in finite time scale. According to the eigenvalues at the system equilibrium point and the Lyapunov exponents, when σ = 0.03272, k = 0.02 system (6) is 4-dimensionally chaotic. Figure 11 shows the simulated results of the vibration characteristics of system (6). From Figure 11 (a) and (b), under the gravity of vehicle, non-periodic collision occurs between the tail and the lower wall of the cavity, which further results in nonlinear planing force. With the increase of immersion depth, vehicle tail would be rapidly rebounded back into the cavity under the effect of planing force, and then planing force vanishes. These processes repeat, causing non-periodic vibration of the vehicle. Owing to the nonlinear planing force, the vehicle is subject to vibration and shock and may turn upside down after losing stability.
This proves that, after a supercavitating vehicle is launched, the four variables of the vehicle z, w, θ and q oscillate non-periodically and intensely around the equilibrium point S 3 (0.0369, 1.0897, 0.0152, 0), and the vehicle is in unstable state. Hence, effective control of the vehicle is necessary to avoid this condition [22] .
At σ = 0.03051, k = 23.48 in the interpenetrating R and G region, the system equilibrium point S 4 = (0.0457, 1.5651, 0.0210, 0) is obtained. By linearizing system (6) at the equilibrium point, Jacobian matrix is obtained as follows: The four corresponding eigenvalues are λ 1 = −5243.63, λ 2 = −7.32 and λ 3,4 = −7.66 ± j76.22, respectively. λ 1,2 are real negative roots, and λ 3,4 are conjugate complex roots with negative real component. Thereby, the equilibrium point S 4 is a stable focus. Figure 12 shows the time-varying Lyapunov exponent spectrum. When the initial value is α 1 (-1.0891, 0.03256, 0.5525, 1.1006), the system quickly converges under the feedback control law and all the Lyapunov exponents are less than zero. When the initial value is α 2 (−1.2141, -1.1135, -0.0068, 1.5326), after a short period of oscillation, the largest Lyapunov exponent converges to around zero. As time scale increases, the largest Lyapunov exponent is less than 0 after t = 8.0 s. The eigenvalues at the equilibrium point and the Lyapunov exponents highlight that the periodic state is transient period that will be converted to stable state from periodic oscillation state due to the effect of control parameters. Thus, at σ = 0.03051, k = 23.48, either stable movement or transient periodic oscillation may be the motion trace of the system when the initial values are different.
The simulated results of the vehicle vibration characteristics are presented in Figure 13 . In order to show the changing process of motion state transition of the vehicle more clearly, the figure shows time-varying traces of the four state variables, immersion depth h and planing force F planing during t [1s-9s]. Dotted lines indicate the simulated In Figure 13 , when the initial value is α 1 , the four state variables of the system z, w, θ , q stabilize at the equilibrium point S 4 (0.0457, 1.5651, 0.0210, 0) quickly. Immersion depth h and corresponding planing force F p are in the state of damped periodic oscillation at first; tails extend out of the cavity and contact the water as time increases, and then the balance between the planing force of the tail and the gravity of the vehicle is reached, so that the vehicle moves stably.
When the initial value is α 2 , as time grows, the four state variables of the system z, w, θ , q are all subject to damped periodic oscillation, gradually approach the equilibrium point and eventually stabilize at the equilibrium point S 4 at around t = 8.0 s. In the initial stage of launch, the vehicle is stable and immersion depth h and planing force F planing are constant and equal to zero. At around t = 8.0 s after launching, a stable planing force is generated as the tail penetrate across cavity wall into water, and then the vehicle is subject to small pitch angle and stable movement obliquely upward, so the The corresponding four eigenvalues are λ 1,2 = 372.14 ± j306.68 and λ 3,4 = −21.69 ± j30.44 respectively. λ 1,2 are conjugate complex roots with positive real component, so the equilibrium point S 5 is an unstable focus. Figure 14 shows the time-varying Lyapunov exponent spectrum. When initial value is β 1 (1.4367, -1.9609, -0.1977, -1.2078), all the largest Lyapunov exponents in the whole time span are about zero; when the initial value is β 2 (0.1352, 0.5152, 0.2614, -0.9415), after the system converges, the largest Lyapunov exponent is greater than zero and eventually stabilizes around zero after t = 9.2 s as time scale increases. The eigenvalues at the system equilibrium point and the Lyapunov exponents highlight that the chaotic state is transient chaos, and the system changes from non-periodic oscillation state to periodic oscillation state under the effect of the control parameters. Therefore, at σ = 0.03255 and k = 0 either unstable periodic movement or transient chaotic oscillation may be the motion trace of the system when initial values are different.
The simulated results of the vehicle vibration characteristics of the vehicle at σ = 0.03255 and k = 0 are shown in Figure 15 , that displays time-varying traces of the four state variables, immersion depth h , and planing force F planing respectively during t [8.5s-9 .5s] to demonstrate the transition of motion state more clearly. As Figure 15 shows, when the initial value is β 1 , the four state variables z, w, θ , and q oscillate around the equilibrium point (0.0347, 1.128, 0.0157, 0), the immersion depth of vehicle tail h oscillates around 0.051-0.126 m, and the planing force F planing oscillates around 69.22-138.3N. Therefore, the vehicle oscillates in cavity periodically.
When initial value is β 2 , state variables oscillate around the equilibrium point intensely and non-periodically with time in the initial stage of launch, non-periodic collision occurs between the tail of vehicle and wall of cavity. When t is about 9.2 s, the oscillation of each variable is suddenly converted from non-periodic to periodic and keeps periodic afterward, which conforms to the vibration state when initial value is β 1 . The motion of vehicle experiences transition from transient chaotic state to unstable periodic state.
The investigation of motion states of supercavitating vehicle at the two points in R and G and in G and Y regions in Figure 2 , confirms that the vibration of supercavitating vehicle depends not only on the control parameters, but also extremely on the initial conditions of the system. Under different launch initial conditions, the vibration state of the vehicle differs, and transient oscillation and motion state transition are observed. In practical engineering applications, due to complicated underwater environment and multiple external disturbances, with given system parameters, slight disturbance of the launch initial condition can lead to different motion state of the vehicle. Moreover, since the underwater travelling time of a supercavitating vehicle is relatively short, stable control of motion state concerning transient oscillation of the vehicle is more meaningful to practical engineering.
V. CONCLUSIONS
Based on the four-dimensional dynamic model of a supercavitating vehicle and the classical cavitator control, a new tail control strategy is proposed in this paper. It is applied to the supercavitating vehicle model. The influence of control parameters and initial conditions on the vibration characteristics of the supercavitating vehicle is studied in detail.
(1) The tail deflection angle control strategy can restrain the collision between the tail and the cavity wall of the vehicle, suppress the nonlinear vibration of the vehicle effectively, and ensure the stability of the vehicle.
(2) The supercavitating vehicle is different from the general dynamic system. Its dynamic characteristics not only depend on the control parameters, but also on the initial conditions. Under different initial launching conditions, there are singular physical phenomena such as transient vibration and vibration state transition.
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